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Abstract. We construct the classification scheme for all possible evolution scenarios 
and find the corresponding global geometries for dynamics of a thin spherical vacuum 
shell in the Schwarzschild-de Sitter metric. This configuration is suitable for the 
modelling of vacuum bubbles arising during cosmological phase transitions in the early 
Universe. The distinctive final types of evolution from the local point of view of a rather 
distant observer are either the unlimited expansion of the shell or its contraction with a 
formation of black hole (with a central singularity) or wormholc (with a baby universe 
in interior). 
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1. Introduction 

One of the promising mechanisms of primordial black holes and wormholes formation is 
a collapse of vacuum bubbles during phase transitions in the early Universe [H [21 El SI [5] . 
The supermassive black holes in the centers of galaxies may be also originated by this 
mechanism. We will describe the possible types of dynamical evolution of vacuum 
bubbles in the Schwarzschild-de Sitter metric by using the thin shell approximation for 
the boundary between the true and false vacuum. The formalism of thin shells in General 
Relativity was first developed by W. Israel [6] . Later this formalism was elaborated and 



adjusted for the case of cosmological vacuum phase transitions [3 El El flO] . 

The boundary of vacuum bubble divides the Schwarzschild-de Sitter space-time into 
internal and external regions. In the following these regions are designated by indexes 
"m" and "owt" respectively. Our aim is a full classification of possible evolution scenarios 
of vacuum bubbles versus of parameters of the Schwarzschild-de Sitter space-time and 
initial conditions for a thin shell. It appears that a useful classification quantity for 
this problem is a mass parameter m which will be defined below. Depending on this 
mass parameters the bubble is either expanding to infinity or contracting with a final 
formation of black hole or wormhole [HI [121 US]- This work is a generalization of the 
earlier analysis in [T5l [T6l ITT] , where only some particular scenarios for this problem 
were investigated. 

In previous works [TOl [HI [121 [IH [13 [HI [IH] were considered only the particular 
cases of solutions corresponding to the zero value of our inner mass parameter mj„ = 0. 
We describe a more general case when rrtin ^ 0, and then the new types of solutions 
appear. The bubbles are originated in the phase transition in the early universe and 
may contain in principle smaller bubbles inside (see e. g. pTl [T2]). To model this 
in a formal way we include an interior mass parameter mj„. This parameter may be 
considered seed black hole. 

In general, solutions with mm 7^ are quite the similar ones to considered in 
[TOl [TTl [T2I [T4l [T5l [THl HHj. At the same time the addition of inner mass parameter rriin 
results in a complication of the classification scheme for possible solutions. 

In Section [2] the equation of motion for a thin shell in the Schwarzschild-de Sitter 
metric is analyzed. Basing on this equation in Section [3] we develop a classification 
scheme for possible evolution scenarios and construct also the Carter-Penrose diagrams 
for corresponding global geometries. The concluding remarks are shortly summarized 
in Section [H 

2. Equation of motion 

The Schwarzschild-de Sitter metric can be written in the form 
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where M is the Schwarzschild mass, e is a vacuum energy density and dVt = dO"^ + 



sin2^rf02 
equation 



This metric has the following specific properties. The positive roots of 



2M 87r£ 



, ■ =0 (2) 

r 3 

define the radii of event horizons in this metric. The number of positive roots (and so 
the number of event horizons) depends on the ratio of M and 1 / ^Je. There are no event 
horizons, if M > m2 = l/v727r£. There is only one event horizon, rhi = l/v87re, if 
M = In the case M < m2 there are two distinctive event horizons: 
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where p = 3/(87r£:) and q = 3M/(47re). It can be shown that < Thi < < V^?"hi- 
See in the Fig. [T]the corresponding Carter- Penrose diagrams for global geometry of the 
Schwarzschild-de Sitter space-time [9| [T5]. 

The basic equation of motion for a thin vacuum shell in the Schwarzschild-de Sitter 
space-time, resulting from the matching of the inner and outer metrics on the shell, can 
be written in the following form [7l[8l[Tni[l6l[20l[2ll[22l[23]: 
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In this equation p = p(r) is a shell radius, r is a proper time measured by an observer 
at rest with respect to this shell, p is derivative with respect to a proper time, a is a 
surface energy density on the shell (in the discussed vacuum case cr=const), mm and 
mout is the Schwarzschild mass of the inner and outer region respectively, is an energy 
density of the inner region, ^out is an energy density of the outer region and symbols 
c"in,out = ±1. These symbols equal to 1, if radius of a two-dimensional sphere is growing 
in the direction of an outgoing normal, and equal to —1 in the opposite case. 

For a further analysis we rewrite the equation of motion ([5]) in the "energy 
conservation" form (1/2)/?^ + U{p) = 0, with an effective potential 
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which is shown in the Fig. [2l Values of and aout in the equation of motion ([5]) in the 
"energy conservation" form are defined by relations 
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Figure 1. The Carter-Penrose diagrams for the Schwarzschild-de Sitter metric. In the 
case (a), when M < m2, there are event horizons. There is only one event horizon in 
the case (b), when M = m2- In the case (c), when M > 7712, the event horizon is absent. 
Diagrams (b) and (c) are shown for the case of expansion. The regions r+ and 
and also zero and infinity lines are swapped in the corresponding (nonshown) diagrams 
for the case of contraction. The oppositely directed null lines in these diagrams and 
in the following ones are not necessarily perpendicular to each other due to arbitrary 
deformation of the coordinate systems. 



We will consider the general case when a surface energy density of the shell a may be 
as positive and negative. It must be noted that for the positive value of a there is the 
exceptional case, when (Jin = — 1 and (Tout = 1. In this case the equation of motion ([5]) 
has no solution. It would be also seen in the following Carter-Penrose diagrams. 

It is useful to define the following two quantities, one with a dimension of mass, 
m = niont + ^in, and one dimensionless, /i = (mout — '"^in)/('^out + '^in)- With this 
definitions it is seen from (JTj) that cxin changes its sign at p(r) = pi, where 

47r(£in-£out-67ra2)' 
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Figure 2. The graphs of potential function U{p) from © at ?Ti < rriQ (left) and 
m > mo (right). 



provided that (i) /i > and > £out + 67r(T^ or (ii) /i < and < £out + 67rcr^ 
Respectively, (Tout changes its sign when p(r) = p2, where 



pI = , , , (10) 

47r(£:in - Sont + QnCT^) 

provided, that (iii) /i > and > ^out — 67r(T^ or (iv) /i < and < £out — 67rcr^. 

Now we consider a behavior of the effective potential ([6]). The zeros of this potential, 
U{p) = 0, define the bounce points of solution when p = 0. The maximum of potential 
is at the point p = Pmax, where 

3 9(7 f £^out ^in 

Pm£« = "^Z/max = ^"^i I + p- 



+ y (l + P^^I;^) +^^[(^in + £out + 67ra2)2-4£i„5out]} 
/ [(ein + £out + 67r(T2)2_4£.^£^^^]. (11) 

This maximum corresponds to the zero of potential, ?7(pmax) = 0, at m = mo, where. 
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The potential f/(pmax) > at m < itlq and vise versa. A second derivative of the 
potential ([6]) is 

d'^U m 47r(£out + ^in) + l^Ti'^a'^ 



dp^ 3 



(13) 



IGvr^cr^p^ \ 3cr Arrap^^ 

It is negative everywhere, and so there is no of a stable equilibrium point for the equation 
of motion (Q. 

At the next step let us define the values of parameter m when radii pi and p2 (where 
o"in and (Tout change the sign) coincide with the bounce points of the equation of motion 
([5]). The corresponding solution of equation f/(pi) = is m = mi, where 
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Respectively, the corresponding solution of equation f/(p2) = is m = ma, where 
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By using (fT2!) . (fT^ and (ITSl) it can be shown that both mi < mo and < mg. 

There are degenerate cases when the inner and outer regions with respect to the 
shell have only one event horizon. The inner Schwarzschild-de Sitter metric has only 
one event horizon when m = m2i, where 

"^21 = 71 (16) 

(1 -p)Vl87r£:in 

Respectively, the outer Schwarzschild-de Sitter metric has only one event horizon when 
m = m22, where 

^22 = 7— — -^7=^=. (17) 
(1 +p)Vl87reout 

It can be verified that both m2i > mo and m22 > itiq. 

For the following analysis of the dynamical evolution of the shell it is important 

to know the values of potential ([6]) at the event horizons of both the inner and outer 

metrics, phm = (Phini, Phin2, phins) and phout = (Phouti, Phout2, Phouts), respectively. By 

using equation ([2]) for the inner event horizon radius, r = phin, and equation ([6]) for 

potential, after some algebraic manipulation we obtain 

TT{^ \ {2 [^'O"* -^m(l + ^g:?)] +Phm (l + ^Xa^'")} ^ n {TQ\ 

U{Phm) = 7^ 7 < U. (18) 
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Analogously, for the outer event horizon r = phout we obtain 

rr/ N { ^ [ ^°6"7?r^'" ~ ( 1 + ^ ) ] + Ph out ( 1 + ^"g^^2"' ) } ^ ^ , - 

U[Phont) = 7 — Tj < U. (19j 
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Vacuum shell in the Schwarzschild-de Sitter world 7 

a) U(p), m>m^^ ^-^ 




P 



Figure 3. An effective potential ([6]) and the corresponding Carter-Penrose diagrams 
for the case > 0, Eout > £\n + Bttct^ and values of the rolling mass parameter m in 
the range m > TO2i (graphs a and b) and m = m2i (graphs c and d). See Section 3.1 
for details. 

The equality in ( flSll and ( fT9i) is achieved only at m = mi (inner metric), where phin = Pi, 
and, respectively, at m = ma (outer metric), where Phout = P2- In other words, the points 
of event horizons of both the inner and outer metrics, phm and phout cannot be below 
the potential in the Fig. [2l The gravitational radius ph2 for both 'in' and 'out' metrics 
is changed in the range < ph2 < Phi, and, therefore, it is placed at the left of the 
potential curve. In a similar way, the gravitational radius ph3 is changed in the range 
Phi < Ph3 < V^Phi, and, therefore, it is placed at the right of the potential curve. 

Now we have all necessary ingredients for the investigation of possible motions of 
the thin vacuum shell in the Schwarzschild-de Sitter metric. 

3. Dynamical evolution of vacuum shell 

3.1. Case of ^ > and Sout > + 67r(T^ 

First of all we consider a simple case, when p > and ^out > ^in + 67rcr^ (another similar 
case when p < and > £out + Gtto"^ may be analyzed in a similar way). In this case 
c"in = c"out = 1, as it follows from and (IHl). Therefore, there are no radii pi and p2. 
It can be shown that in this case m2i > m22, Phini > Phouti and phins > Phouta- 

The rolling parameter of our classification scheme is a mass parameter m and we 
start from the large value of this parameter. 




Figure 4. An effective potential ([6]) and tlie corresponding Carter-Penrose diagrams 
for the case /i > 0, £out > £in + 67rcr^ and values of the rolling mass parameter 
TO in the range TO22 < m < TO21 (graph a), to = TO22 (graphs b and c) and 
TO22 > TO > max(TOo, m*) (graph d). 



If m > m2i, then an event horizon is absent and initial expansion (or contraction) 
of the shell is unbounded (there is no bounce point). The corresponding potential U{p) 
and the Carter-Penrose diagram is shown in the Figs. [3^ and [Sjj respectively. Here and 
further below the Carter-Penrose diagrams are shown only for an initially expanding 
envelope. The corresponding diagrams for contracting envelope are easily reproduced 
from the expanding ones by symmetry reflection with respect to the median horizontal 
line (except for some special cases). 

At m = 77121, the first event horizon appears in the inner metric, Phini- See Figs. [Sj: 
and [3ll for the corresponding potential and diagram. 

If 77122 < 771 < m2i, then there are two event horizons, Phin2 and Phins- See Fig. 
for the Carter-Penrose diagram, while the potential has a similar form as in the previous 
two cases (Figs. H^i andlSb). 

At m = m22, the first event horizon appears in the outer metric, Phouti < Phins- 
We prove that phin2 < Phouti- Indeed, this inequality may be written in the form 
(1 + p)/(l — p) > 2£:out/(3£:out — ^in)- For p > 0, if we will prove the inequality 
1 > 2£:out/(3eout — £m), then we prove our statement. The last inequality is evident 
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Figure 5. An effective potential ([6]) and the corresponding Carter-Penrose diagrams 
for the case /i > 0, Eout > ^in + Sttct^ and values of the rolling mass parameter m in the 
range m < toq (graphs a, b and c), m* < m < mo (graphs b and d) and m < m* < mo 
(graphs b and c). 

by remembering that ^out > ^in + 67rcr^. So for m = the event horizon Phouti is 
located between phin2 and phins- See Figs. Hb and Ht for the corresponding potential 
and the Carter-Penrose diagram of an expanding shell. 

If > m > max(mo, m*), where m* is defined from equation Phin2 = Phout2, there 
are two event horizons, Phout2 and Phouta, in the outer metric. These event horizons are 
located between the event horizons of the inner metric Phin2 and Phins- See Fig. Sji for 
a corresponding diagram. 

If m* > mo and m* > m > niQ, then the arrangement of event horizons is 
Phout2 < Phin2 < Phouts < Phm3- The Carter- Pcurose diagram for an expanding shell 
is shown in the Fig. [8ll. 

If m < mo, the region appears, where potential U{p) is positive (see Fig. [5^). 
Now solutions for p(r) have the bounce points. The arrangement of event horizons is 
Phout2 < Phin2 < Phout3 < Phin3- The Carter- Penrose diagrams for an expanding and 
contracting shell are shown in the Fig. [Sjo and Fig. [5t respectively. 

If mo > m*, then in the case m* < m < mo the possible Carter-Penrose diagrams 
for an expanding and contracting shell are shown in the Figs. |5b and [5li. 

In the last case m < m* the arrangement of event horizons is Phout2 < Phin2 < 




Figure 6. An effective potential ([S]) and the corresponding Carter-Penrose diagrams 
for the case ^ > and £in > £out + Ottct^ and values of the rolling mass parameter m 
in the range m = 17122 (graphs a), TO22 > m > m* (graphs b and c) and m* > m > mo 
(graph d). 



Phouts < Phins- See in the Figs. [5b andlH:; the Carter-Penrose diagrams for an expanding 
and contracting shell respectively. In particular, these diagrams illustrate the formation 
of a black hole or wormhole after a final contraction of the shell. 



3.2. Case of fi > and ein > £out + 6710-^ 

From this point we start classification of a more tangled case, when fi > and 
£m > £out + 67r(T^ (the case when /i < and ^out > £in + Grra^ may be analyzed in 
a similar way). Now both a-^ and (Tout can change the signs at radii pi and p2- In the 
considered case the following inequalities are valid: pi > p2 and Phouti > Phini- 

It is useful to define the additional 5 dimensionless parameters: p, pout, Pin, Pi out 
and piin- A first parameter is a solution /i = /2 of the equation 17121 = ^22, where 



fi = ^ (20) 

^in ~l~ Y^^out 



(m22 < fn2i at /i > yU and vice versa). A second parameter is a solution fi = /iout of the 
equation p2 = Phouti at m = m22, where 

This parameter exists only if S^out > ^in + 67r(T^. Under this condition p2 > Phouti at 
P > Pout and vice versa. In the opposite case, when S^out < ^in + Ovrcr^, it is always 
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P2 < Phouti- A third parameter is a solution /i = /iin of the equation pi = phini at 
m = m2i, where 

p- — ^™ ~ ~ Ovrcr^ (22) 

(pi > Phini at > yUin and vice versa). A fourth parameter is a solution /i = piout of 
the equation phouti = Phins at m = m22, where 

^in ^out /OQ\ 

pi out — 7 — 5 1^<JJ 

'^^out ^in 

This parameter exists only if < S^out- Under this condition phouti < Phin3 at /i > piout 
and vise versa. In the opposite case, when > S^out, it is always phouti > Phins- Finally, 

the fifth parameter is a solution p = of the equation phini = Phout2 at m = m2i, 
where 

^in ^out /■r,A\ 

Plin=3-— ^ (24) 

'-"^in '^out 

(Phini > Phout2 at /i < yUij„ and vice versa). It is easy to verify that Phouti > Phin2 at 
m = 77122 and phini < Phouts at m = m2i. A mutual arrangement of these 5 parameters 

IS Pout > plout > p > plin. > Pin- 
As a first step in classification of the situation, when yU > and > £out + 67r(j^, 
we consider the case, when p > p (the case p < fi is quite a similar). Again we begin 
from the large value of the rolling parameter m. 

If m > m2i, the event horizons are absent and there are only two radii pi and p2, 
where the signs of (Jin,out are changed. The potential U{p) is similar to one shown in the 
Fig. [3K (where pi and p2 are not shown). A diagram for an expanding shell is analogous 
to one shown in the Fig. [3)d. 

The next case is m = m2i. Now a first event horizon phini appears, which is at 
left to pi (i. e. Phini < Pi)- Now potential is similar to one in the Fig. [St. The crucial 
point is that now a shell intersects the radius Phini, when (Tin = 1. The Carter- Penrose 
diagram is similar to one shown in the Fig. [3ll. 

If m2i > m > m22, there are two event horizons Phin2 and phins, but qualitatively 
this case is similar to the preceding one. The Carter- Penrose diagram for an expanding 
shell is shown in the Fig. H^. 

The case m = m22 is divided into subcases. We begin from the subcase e\-a > SSout, 
when inequalities phouti > Phins and phouti > P2 are fulfilled. The resulting diagram for 
an expanding shell is shown in the Fig. [6^. The other subcase will be considered later. 

If m22 > m > m*, where m* is a solution of the equation phout2 = Phins- Now 
instead of one event horizon phouti there are two event horizons, Phout2 and Phouts- The 
corresponding potential and the Carter- Penrose diagram are shown in the Fig. [6b and 
[6t respectively. It must be noted that a moving shell intersects the event horizons Phout 
when (Tout = Therefore, a shell intersects these event horizons in the region R_. On 
the contrary, a shell intersects the event horizons phin in the region i?+ when = 1- 

The only distinguishing feature of the case m* > m > tuq from the preceding one 
is swapping round the event horizons phout2 and phins- The arrangement of radii is 
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Figure 7. An effective potential ([6]) and tlie corresponding Carter-Penrose diagrams 
for the case /i > 0, Eout > £in + Bttct^ and values of the rolling mass parameter m in the 
range ttiq > m > 7713 (graphs a and b), ma > m > mi (graphs c) and m < mi (graph 
d). 



(Phin2,P2) < Phout2 < Phins < (Pi,Phout3)- A Corresponding diagram is shown in the 
Fig. EH. 

If mo > m > ma, the potential intersects the axis U = and a shell will bounce 
from the potential. The arrangements of radii is the same as in the previous case. 
The diagrams for expanding and contracting shell are shown in the Fig. [7^ and 0) 
respectively. 

If ma > m > mi, the radii Phout2 and p2 are swapped round. The potential is shown 
in the Fig. [Tb (the event horizons phouta and phin2 are not shown). A diagram for an 
expanding shell is the same as in the Fig. [7^. A contracting shell intersects the event 
horizon phout2 in the region i?+ (when (Tout = !)• A diagram for a contracting shell is 
shown in the Fig. [Sji. 

If m < mi, the radii Phins and pi are swapped round. Two radii p(l) and p(2) 
(where signs of din^out are changed) is now under the potential graph. The diagram for 
a contracting shell is the same as in the previous case (see Fig. [5}i). A corresponding 
diagram for an expanding shell is shown in the Fig. [Tli. 

Now we return to another subcase of the case m = m22, when + Gvrcr^ > S^out > 
^in, the inequality p2 < Phouti is fulfilled and parameter piout exists. If yU > piout, then 
Phouti < Phins- The arrangement of radii is (phm2,P2) < Phouti < Phm3 < Pi- A diagram 
for an expanding shell is shown in the Fig. [8^. 

If m22 > m > max(mo, m*), where m* defined from equation phins = Phouta, instead 
of the one event horizon phouti there are two event horizons Phout2,3- The arrangement 
of radii is (phin2,P2) < Phout2 < Phouts < Phins < pi. A corresponding diagram for an 
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Figure 8. An effective potential ^ and the corresponding Carter-Penrose diagrams 
for the case fi > 0, Sout > ^in + Gttct^ and values of the rolling mass parameter m in 
the range /i > ^lout and /i > iiiout (graphs a), 77122 > m > max(mo,m*) (graphs b) 
and TTiQ > TO > TO3 (graphs c). 

expanding shell is shown in the Fig. [8]d. 

If m* > m > niQ, the arrangement of radii is {phm2, P2) < Phout2 < Phins < 
(pi,Phout3)- The only difference with preceding subcase is swapping round the event 
horizons Phins and Phouts- A diagram for an expanding shell shell shown in the Fig. [6li. 

If mo > m > ms, the potential intersects the axis U = and the bounce point 
appears. The arrangement radii is a similar to the previous case, but a shell now can 
bounce from the potential. The diagrams for an expanding and contracting shells are 
shown in the Figs. [7^ and thelTb respectively. At rriQ > m* and at rriQ > ma.x{m^,m*) 
there will be the following arrangement of radii : (phin2,P2) < Phout2 < Phouts < Phins < 
pi. The diagrams for an expanding and contracting shells are shown in the Figs. [Hb 
and Uh respectively. The next two subcases depend on the relation ^ m* and are 
described in a similar way. The remaining cases for m < (m3,m*) are similar to ones 

for Ein > ^Sont- 

If Piout > p > p in the case + Qira^ > S^out > £m, then phouti > Phins- As a 
result this case is reduced to the case, when ein > B^out- 

If 3£out — 67r cr^ > £111 for m = m22, then the inequality Phout2 > Phin2 is fulfilled 
and besides the parameter piout there exists also yUout- At yU > pout, the inequalities 
Phouti < Phin3, and P2 > Phouti are valid. As a result the arrangement of radii is 
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Phin2 < Phouti < (P2 7Phin3) < Pi- A Corresponding diagram for an expanding shell is 
shown in the Fig. 

If > m > niQ, instead of the one event horizon phouti there are two event 
horizons Phout2 and Phouts and the arrangement of radii is phin2 < Phout2 < Phouts < 
(P2, Phins) < Pi- A corresponding diagram for an expanding shell is shown in the Fig.Htl. 

If niQ > m > rris, the potential intersects the axis U = and a shell can bounce 
from the potential. The corresponding diagrams for an expanding and contracting shells 
are shown in the Figs. [5b and [5li respectively. 

If m3 > m > m*, where m* is a solution of the equation phouts = Phins, the event 
horizon phouts changes the place with p2- The coincidence of these radii occurs at the 
radius, where U{p) = 0. The radius p2 now is under the potential curve. A shell will 
intersect Phouts with o"out = — 1- A corresponding diagram for an expanding shell is 
shown in the Fig. [8b. 

The case m* > m is similar to one for > S^out- The case pout > p > Piout is 
similar to one for + Gttct^ > S^out > ^in- Finally, the case /iiowt > p > p is similar to 
one for > S^out- Analogously is considered the case, when /i > /i > 0, and the case, 
when exists only one of the two radii, pi or p2. This case completes the classification. 

4. Conclusion 

We classified all possible evolution scenarios of a thin vacuum shell in the Schwarzschild- 
de Sitter metric and constructed the Carter- Penrose diagrams for corresponding global 
geometries. These geometries illustrates the possibilities for final formation of black 
holes and wormholes or eventual expansion of bubbles. 
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